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Abstract
The (22; 4)-arcs in PG(2; 7) are classi2ed. From this it is shown that there does not exist a
[23; 4; 18]7-code. It follows that n7(4; 18) = 24, where nq(k; d) denotes the smallest length n for
which there exists an [n; k; d]q code.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction
An (n; t)q-arc is a set K of n points in PG(2; q) such that every line of PG(2; q)
meets K in at most t points. Let m(t)q denote the largest n for which there exists
an (n; t)q-arc. It is known that m(2)7 = 8, m(3)7 = 15, m(4)7 = 22 and m(5)7 = 29.
The (8; 2)7-arc is unique (it is a conic) and it has recently been shown [7] that the
(15; 3)7-arc is also unique. A (22; 4)7-arc is not unique; two inequivalent (22; 4)7-arcs
were found in [6] and [2], and in this paper we shall refer to these as the Lunelli-Sce
arc and the Barlotti arc. The main purpose of this paper is to classify (22; 4)7-arcs.
We shall show that there is just one further (22; 4)7-arc, making three in all. Using
this classi2cation, we shall prove the nonexistence of [23; 4; 18]7 codes, thus showing
that n7(4; 18) = 24.
2. The classication of (22; 4)7-arcs
Let K denote a (22; 4)7-arc. An i-secant of K is a line of PG(2; 7) which meets K in
i points. Let ri denote the number of i-secants of K . The classi2cation of (22; 4)7-arcs
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Table 1
r0 r1 r2 r3 r4 Type
0 15 0 7 35 W1
1 13 0 9 34 W2
2 11 0 11 33 W3
3 9 0 13 32 W4
4 7 0 15 31 W5
5 5 0 17 30 W6
6 3 0 19 29 W7
7 1 0 21 28 W8
with r2 = 0 shall be done entirely theoretically; for the case r2 = 0, we shall rely on
an exhaustive computer search with the aid of the MAGMA system.
Theorem 1. There is only one (22; 4)7-arc having no 2-secants, namely the Barlotti
arc.
Proof. Suppose K is a (22; 4)7-arc with r2 = 0. By standard counting arguments, the
ri satisfy the equations
4∑
i=0
ri = 57;
4∑
i=1
iri = 22× 8;
4∑
i=2
(
i
2
)
ri =
(
22
2
)
whence the only possible cases with r2 = 0 are as in Table 1.
In Lemmas 1–6 we rule out all types except W8, for which we show that there is a
unique (22; 4)7-arc.
Lemma 1. There is a unique (22; 4)7-arc of type W8.
Proof. Let L be the 7-set of 0-secants. No three lines of L can be concurrent (otherwise
226 5 ·4, a contradiction), and so L is a dual (7; 2)-arc, unique up to equivalence. Let
J be the union of the points on the lines of L, so that |J |=8+7+6+5+4+3+2=35.
Hence K consists precisely of the 22 points of the plane not in J . It remains to check
that every line meets K in at most 4 points, or equivalently that every line meets J
in at least 4 points. But the latter is clearly true because the seven lines in L have no
three concurrent.
Remark. A slightly diJerent description of this (22; 4)7-arc was given in [2].
Lemma 2. There is no (22; 4)7-arc of type W2; W3; W4 or W5.
Proof. Let K be a (22; 4)7-arc with r2 = 0. Let KK be the set of 0- and 1-secants of K .
If four lines of KK were concurrent, we would have |K |6 4 · 1 + 4 · 4, a contradiction,
and so KK forms a dual (r0 + r1; 3)-arc. Let ri denote the number of i-secants with
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respect to KK , i.e. ri = number of points in the plane through which exactly i lines of
KK pass. Then
3∑
i=0
ri = 57;
3∑
i=1
iri = 8(r0 + r1);
3∑
i=2
(
i
2
)
ri =
(
r0 + r1
2
)
whence
3r0 + r1 = 171− 16(r0 + r1) + (r0 + r1)(r0 + r1 − 1)=2: (1)
Now every point of K either lies on one 1-secant and seven 4-secants (call this a
point of type 1) or lies on three 3-secants and 2ve 4-secants (call this a point of type
2). There must be r1 points of type 1 and 133r3 = r3 points of type 2. Every point
outside K has at least one line of KK through it (otherwise 8 · 36 22, a contradiction),
and so we have
r0 = r3 (2)
and
r1¿ r1: (3)
From (1)–(3) we get
3r3 + r16 171 + (r0 + r1)(r0 + r1 − 33)=2:
For W2; W3; W4 and W5 this gives contradictions 406 38, 446 41, 486 45 and
526 50, respectively.
The following results about (n; 2)7-arcs are needed for subsequent lemmas.
Lemma 3. (i) Every (7; 2)7-arc extends to a unique (8; 2)7-arc.
(ii) Any two distinct (8; 2)7-arcs have at most 4 points in common.
Proof. (i) This is just a particular case of Theorem 10.28 of [4].
(ii) By Theorem 8.14 of [4], every (8; 2)7-arc is a conic. By Corollary 7.5 of [4],
there is a unique conic through a 5-arc (in any PG(2; q), with q¿ 4), and so two
distinct conics meet in at most 4 points.
Lemma 4. There is no (22; 4)7-arc of type W7.
Proof. Let l1; l2; : : : ; l6 be the 0-secants and m1; m2; m3 be the 1-secants. Then {l1; l2; : : : ;
l6; mi} is a dual (7; 2)-arc for i= 1; 2; 3. Each extends to an (8; 2)-arc by Lemma 3(i)
and the three (8; 2)-arcs so obtained must be the same since any two of them have at
least six points in common by Lemma 3(ii). This is a contradiction since the union of
these three (7; 2)-arcs already contains nine points l1; l2; : : : ; l6; m1; m2; m3.
Lemma 5. There is no (22; 4)7-arc of type W6.
Proof. As in Lemma 2, the 0- and 1-secants form a dual (10; 3)7-arc KK having 17
0-secants (r0 = 17), whence r1 = 5, r2 = 30, r3 = 5.
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Table 2
t1 t2 t3 t4
Case 1 5 5 0 0
Case 2 6 3 1 0
Case 3 7 1 2 0
Case 4 7 2 0 1
Case 5 8 0 1 1
Let us say that a point of KK lying on ui i-secants, for i=1; 2; 3, has type (3u3 ; 2u2 ; 1u1 ).
Then the possible types of point on KK are
(31; 27); (32; 25; 11); (33; 23; 12); (34; 21; 13):
Suppose there are t1; t2; t3; t4 of each, respectively. Then, counting the points of KK , and
counting in two ways the pairs (P; l), where P is a point of KK lying on a 1-secant l,
we get
t1 + t2 + t3 + t4 = 10;
t2 + 2t3 + 3t4 = 5:
The only possible cases are as in Table 2.
Sublemma 1. t4 = 0.
Proof. Let l1; l2; l3; l4; l5 be the 3-secants to the (10; 3)7-arc KK . Suppose 4 of them,
say l1; l2; l3; l4 are concurrent in a point P.
Let l5 ∩ KK = {P1; P2; P3}.
Then KK \ {P; Pi} is an (8; 2)7-arc for each i. So we have distinct (8; 2)7-arcs with 7
points in common, contradicting Lemma 3(ii).
Corollary. Cases 4 and 5 cannot occur.
Sublemma 2. t3 = 0.
Proof. Suppose P is a point of type (33; 23; 12). Then KK \{P} is a 9-set K ′ having just
two 3-secants, l1 and l2 say. Choose distinct points P1; P2; Q1; Q2 with P1; P2 on K ′∩l1
and Q1; Q2 on K ′∩l2. Then K ′ \{P1; Q1} and K ′ \{P2; Q2} are both (7; 2)7-arcs having
exactly 5 points in common. But this is impossible because these two (7; 2)7-arcs must
extend to the same (8; 2)7-arc by Lemma 3 and so have at least 6 points in common—a
contradiction.
Corollary. Cases 2 and 3 cannot occur.
Sublemma 3. Suppose 5 pairs are chosen from the ten pairs {1,2}, {1,3}, {1,4},
{1,5}, {2,3}, {2,4}, {2,5}, {3,4}, {3,5}, {4,5}. Then some two of the 5 pairs are
disjoint.
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Proof. Suppose this is not the case. Without loss of generality, let {1; 2} be one of
the chosen pairs. Then one of 1; 2 appears in each of the other chosen pairs, so one
of 1; 2 (without loss of generality, say 1) appears in at least 3 chosen pairs; without
loss of generality these are {1; 2}, {1; 3}, {1; 4}. Now every other pair (except {1; 5})
is disjoint from at least one of these. So we cannot choose more than four pairs with
the property that any two intersect.
Sublemma 4. Case 1 is impossible.
Proof. Consider the 10 pairs of lines {l1; l2}; {l2; l3}; : : : ; {l4; l5}, where l1; l2; : : : ; l5
are the 3-secants. Exactly 5 of these have the property that li ∩ lj ∈ KK (since t2 = 5).
So by Sublemma 3, we may choose P;Q∈ KK , each having two 3-secants, with these
four 3-secants distinct. Let l be the 2fth 3-secant to KK , with l∩ KK ={R1; R2; R3}. Then
KK \{P;Q; Ri} is a (7; 2)7-arc , for i=1; 2; 3. If {P1; P2; P3; P4; P5}= KK \{P;Q; R1; R2; R3},
then these three (7; 2)7-arcs are
{P1; P2; P3; P4; P5; R1; R2};
{P1; P2; P3; P4; P5; R2; R3};
{P1; P2; P3; P4; P5; R1; R3}:
They must all extend to the same (8; 2)7-arc (since they meet pairwise in 6 points)
and so this (8; 2)7-arc can only be {P1; P2; P3; P4; P5; R1; R2; R3}—a contradiction, since
R1; R2; R3 are collinear.
Sublemmas 1–4 complete the proof of Lemma 5.
Lemma 6. There is no (22; 4)7-arc of type W1.
Proof. The 15 1-secants would form a dual (15; 3)7-arc with 7 0-secants. But the
unique (15; 3)7-arc (see [7]) has 12 0-secants.
Remark. The above proof of Lemma 6 relies on a result [7] proved via a computer
search. In order to make the proof of Theorem 1 entirely computer free, one can
prove Lemma 6 alternatively as follows. A (22; 4)7-arc of type W1 has seven 3-secants
and seven points (points of type 2 de2ned in the proof of Lemma 2) each lying on
exactly three 3-secants. So these seven lines and seven points form a Fano subplane
of PG(2; 7). However it is easy to show (see, for example, Example 11.3 of [5]) that
the plane PG(2; q) cannot contain a Fano subplane when q is odd.
Lemmas 1 to 6 complete the proof of Theorem 1.
Theorem 2. There are exactly two inequivalent (22; 4)7-arcs having at least one
2-secant.
Proof. A (22; 4)7-arc with a 2-secant corresponds to a [22; 3; 18]7 code having a code-
word of weight 20 (the points of the arc form the columns of a generator matrix of
this code). Choosing a word of weight 20 as the top row of a generator matrix, it is
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easy to see that, without loss of generality, we may assume the code has a generator
matrix of the form
G =


0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 0 0 1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 6 6 6
0 1 0 1

 :
By considering all possible ways of completing the third row of G, with the aid of
MAGMA, we found just two inequivalent codes as follows.
Case 1: Let the third row of G be 0 1 0 1 0 1 2 4 5 6 3 5 6 2 3 6 2 4 5 0 3 4.
Then the columns of G form a (22; 4)7-arc with (r0; r1; r2; r3; r4)= (6; 2; 3; 16; 30). This
is the Lunelli-Sce arc 2rst found in [6].
Case 2: Let the third row of G be 0 1 0 1 0 1 3 2 4 6 3 5 6 2 3 5 2 4 6 0 1 5.
Then the columns of G form a (22; 4)7-arc with (r0; r1; r2; r3; r4) = (4; 4; 9; 6; 34).
Theorems 1 and 2 show that there are exactly three inequivalent (22; 4)7-arcs.
3. A geometric description of the (22; 4)7-arcs and generalizations to
((q2 − q + 2)=2; (q + 1)=2)q-arcs
The Barlotti arc has a simple geometric description and it is natural to ask whether
the other two (22; 4)7-arcs also have nice geometric descriptions. When we presented
our paper at the British Combinatorial Conference in July 2001, we did not have an
answer to this question. It was our good fortune that Gabor Korchmaros was in the
audience, as he was subsequently able not only to give an aNrmative answer, but also
to show that the arcs were special cases of families of ((q2− q+2)=2; (q+1)=2)q-arcs
for general odd q. We are indebted to him for his invaluable contribution to the results
of this section.
The two new families of arcs are in fact closely related to the family of Barlotti
arcs, but in order to describe the relationship, it is necessary to give Barlotti’s original
construction rather than that given in Lemma 1. To do this, it is 2rst necessary to
consider the combinatorics of the so-called internal and external points of a conic in
PG(2; q), for q odd.
Throughout this section we assume that q is an odd prime power and that C is a
conic, that is a (q+ 1; 2)-arc, in PG(2; q).
A point lying on C will be called a C-point. A point oJ C is called an external
point (or E-point) if it lies on no 1-secants of C and is called an internal point (or
I -point) if it lies on exactly two 1-secants of C. In Lemma 7, we collect together all
the information we need about C-points, E-points and I -points. We omit the proof as
all the results may be found in Chapter 8 of [4]. In Lemma 8, we give a further result
needed for the construction of the third class of arcs.
Lemma 7. Let C be a conic in PG(2; q), where q is odd.
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(i) The points of PG(2; q) are partitioned into q+ 1 C-points, q(q+ 1)=2 E-points
and q(q− 1)=2 I -points.
(ii) The lines of PG(2; q) are partitioned into q+1 1-secants, q(q+1)=2 2-secants
and q(q− 1)=2 0-secants.
(iii) Each 1-secant contains one C-point, q E-points and no I -points.
Each 2-secant contains two C-points, (q− 1)=2 E-points and (q− 1)=2 I -points.
Each 0-secant contains no C-points, (q+ 1)=2 E-points and (q+ 1)=2 I -points.
(iv) Each C-point lies on one 1-secant, q 2-secants and no 0-secants.
Each E-point lies on two 1-secants, (q− 1)=2 2-secants and (q− 1)=2 0-secants.
Each I-point lies on no 1-secants, (q+ 1)=2 2-secants and (q+ 1)=2 0-secants.
Lemma 8. Suppose C is a conic in PG(2; q), where q ≡ 3 (mod 4). Let Q be a
quadrangle of points in C. Then the three diagonal points of Q are either all I -points
or two E-points and an I -point. We say that Q is of type III or EEI according
to the type of its diagonal points. The number of quadrangles on C of type III
is (q+ 1)2q(q− 1)=96 and the number of quadrangles on C of type EEI is (q+ 1)q
(q− 1)(q− 3)=32. In particular there is at least one quadrangle of type III.
Outline proof. First it may be shown that the diagonal points of Q form a so-called
self-polar triangle (cf. proof of Theorem 8.16 of [4]). Hence, by Theorem 8.18 of [4],
every quadrangle of points on C is of type III or EEI. Let x and y be the number of
quadrangles on C of type III and EEI, respectively. Then
x + y =
(
q+ 1
4
)
=
(q+ 1)q(q− 1)(q− 2)
24
(4)
and, counting in two ways the number of pairs (P;Q) where P is an I -point which is
a diagonal point of a quadrangle Q on C,
3x + y =
q(q− 1)
2
(
(q+ 1)=2
2
)
=
(q+ 1)q(q− 1)2
16
(5)
Solving (4) and (5) for x and y gives the desired result.
We are now ready to describe the three classes of ((q2 − q+ 2)=2; (q+ 1)=2)q-arcs,
for q odd. Note that the third class exists only for q ≡ 3 (mod 4).
Theorem 3. Let C be a conic in PG(2; q), where q is odd. Then the following sets
K are all ((q2 − q + 2)=2; (q + 1)=2)q-arcs. Their secant distributions are given in
Table 3.
Class 1 (the Barlotti construction): Let K be the set of all I -points of C together
with any one C-point.
Class 2: Let l be a 2-secant of C. Let K be the set consisting of the two C-points
on l together with all the I -points of C except for one I -point on l.
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Table 3
r0 r1 r(q−3)=2 r(q−1)=2 r(q+1)=2
Class 1 q 1 q(q− 1)=2 q(q+ 1)=2
Class 2 q− 1 2 (q− 1)=2 (q2 − 3q+ 4)=2 (q+ 3)(q− 1)=2
Class 3 q− 3 4 3(q− 1)=2 (q− 3)(q− 4)=2 (q2 + 4q− 9)=2
Class 3 (for q ≡ 3 (mod 4)): Let Q be a quadrangle of four C-points of type III
(such Q exists by Lemma 8). Let K be the set consisting of the four points of Q
together with all the I -points of C except for the three diagonal points of Q.
Proof. For each class, the parameters are readily determined from the results of Lemma
7, just by considering the number of points of K on the various 0-secants, 1-secants
and 2-secants of C.
Remarks. (1) For q= 3, the above three classes all give the same (4; 2)3-arc, but for
q¿ 3, the classes are all diJerent.
(2) For q= 7, the Class 1 arc is the Barlotti arc, the Class 2 arc is the Lunelli-Sce
arc and the Class 3 arc is the one found in Section 2 by computer search.
(3) For given q, Class 1 and Class 2 arcs are unique up to projective equivalence.
However, Class 3 arcs are unique only for q6 11. For q¿ 11, there is more than one
equivalence class; e.g. there are two equivalence classes of Class 3 arcs for q= 19.
(4) We know of no ((q2 − q+ 2)=2; (q+ 1)=2)q-arcs other than those of Class 1, 2
or 3. For q6 7, these are the only such arcs. However, to classify all ((q2− q+2)=2;
(q + 1)=2)q-arcs for general q seems to be very diNcult. Indeed, for prime powers q
greater than 9 with q not prime, it is not even known whether (q2 − q + 2)=2 is the
largest value of n for which an (n; (q+1)=2)q-arc exists. The fact that m((q+1)=2)q=
(q2 − q + 2)=2 for q prime was proved by Ball [1] (stated also as Theorem 12.43
in [4]).
4. The non-existence of [23; 4; 18]7-codes
We 2rst show that if a [23; 4; 18]7-code exists then it has a unique weight enumerator.
Let ai denote the number of projectively distinct codewords of weight i in a code
(i¿ 1). So for a code over GF(7), ai=Ai=6, where Ai is the total number of codewords
of weight i. Let us refer to the Barlotti arc, the Lunelli-Sce arc and the arc given by
Case 2 of Theorem 2 as (22; 4)7-arcs of types 1, 2 and 3 respectively. We say the
corresponding [22; 3; 18]7 codes are of types 1, 2 and 3 also.
Lemma 9. If there exists a [23; 4; 18]7 code C, it has the unique weight enumer-
ator (a18; a19; a20; a21; a22; a23) = (154; 42; 63; 43; 98; 0). Furthermore, either C has 20
shortened codes of type 3 and three of type 2 or C has 21 shortened codes of type
3 and two of type 1.
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Proof. Suppose C has si shortened codes of type i, i= 1; 2; 3. Then s1 + s2 + s3 = 23.
Note that the number of projectively distinct codewords of weight j in a shortened
code is given by the value of r22−j for the corresponding (22; 4)7-arc. Hence, counting
in two ways the number of pairs (x; i) where x is a codeword of weight j whose ith
coordinate is 0, for j = 18; 19; : : : ; 22, gives
5a18 = 28s1 + 30s2 + 34s3;
4a19 = 21s1 + 16s2 + 6s3;
3a20 = 3s2 + 9s3;
2a21 = s1 + 2s2 + 4s3;
a22 = 7s1 + 6s2 + 4s3:
Thus 3s1 + 4s3 ≡ 0 (mod 5), s1 + 2s3 ≡ 0 (mod 4) and s1 ≡ 0 (mod 2). The only
solutions of s1 + s2 + s3 = 23 satisfying these congruences are given by (s1; s2; s3)∈
{(0; 23; 0); (0; 13; 10); (0; 3; 20); (2; 20; 1); (2; 10; 11); (2; 0; 21), (4; 17; 2); (4; 7; 12);
(6; 14; 3); (6; 4; 13); (8; 11; 4); (8; 1; 14); (10; 8; 5), (12; 5; 6); (14; 2; 7); (20; 3; 0);
(22; 0; 1)}. Calculating a18; a19; : : : ; a22 from the above equations for each triple (s1; s2; s3),
and then calculating a23 = 400− (a18 + a19 + · · ·+ a22), we get the contradiction that
a23¡ 0 in all cases except for (s1; s2; s3)=(0,3,20) or (2,0,21). These last two cases
each give the same weight enumerator with a23 = 0.
Theorem 4. There is no [23; 4; 18]7 code, and n7(4; 18) = 24.
Proof. By Lemma 9, at least one of the shortened codes of a [23; 4; 18]7 code is
of type 3. By an exhaustive search using MAGMA we have shown that there is no
[23; 4; 18]7 code having a shortened code of type 3. It was previously known [3] that
236 n7(4; 18)6 24, and so it now follows that n7(4; 18) = 24.
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